Abstract. In relation to Hall's conjecture, a new algorithm is presented to search for small nonzero k = |x 3 −y 2 | values. Seventeen new values of k < x 1/2 are reported.
Hall's conjecture
Dealing with natural numbers, the difference
is zero when x = t 2 and y = t 3 but, in other cases, it seems difficult to achieve small absolute values. For a given k = 0, (1.1), known as Mordell's equation, is an elliptic curve and has only finitely many solutions in integers by Siegel's theorem. Therefore, for any nonzero k value, there are only finitely many solutions in x (which is hence bounded). There is a proven lower bound, due to A. Baker [1] and improved by H. M. Stark [14] , that places the size of k above the order of log c (x) for any c < 1. A bound concerning the minimal growth rate of |k| was found early by M. Hall [2, 7] by means of a parametric family of the form (1.2) f (t) = t 9 (t 9 + 6t 6 + 15t 3 + 12), with t congruent to 3 mod 6, which supplies infinitely many cases with |k| < Cx 3/5 , where C is a positive constant.
g(t)
H. Davenport [4] , pointed out that the degree of f 3 (t) − g 2 (t) is always greater than half of the degree of f (t). This fact and experimental results for x < 700, 000, prompted Marshall Hall [7] to conjecture that |k| cannot be less than Cx 1/2 , for some constant C whose tentative value was fixed to be C = 1/5. Later, L. V. Danilov [3] found an infinite family derived from the unbounded solutions of quadratic equations supplying values of |k| < 217 √ 2x 1/2 . N. D. Elkies [5] [9, p. 163] ) and the finding by computer search of smaller values of |k| such as the present record found by Elkies [5] of |k| ≈ 1/46.6 x 1/2 suggest that 1/2 is not the correct exponent and so the original conjecture was reformulated in a weaker way as follows: For any exponent e < 1/2, a constant C e > 0 exists such that |x 3 
Hall's conjecture is considered to be a particular case of the related and more general ABC conjecture [11, 9] and both seem hard to prove or disprove. S. Mohit and M. R. Murty [10] show that Hall's conjecture implies that there are infinitely many primes such that a p−1 ≡ 1(mod p 16 ) for any a. Since, at present, Hall's conjecture is neither proved nor disproved, it is worthy to enumerate the cases when |k| < x 1/2 , which we address as good examples of Hall's conjecture, borrowing the notation used in the ABC conjecture. Table 1 gathers the currently known examples (excluding the infinite Danilov-Elkies family), displaying the values of x and r = √ x/k > 1. The values of y and k are not displayed because y can be calculated as the nearest integer to x 3/2 . Items #2, #3, #12 and #13 correspond to (1.2) for t = −3, 3, −9 and 9 respectively. Items #4, #24 and #43 correspond to the three first solutions of (1.3), which, in fact, yield infinitely many examples with r > 1.035. J. Gebel, A. Pethö and H.G. Zimmer [6] applied their own algorithm to compute the integral points on elliptic curves in all the cases of (1.1) with |k| ≤ 100, 000. Their algorithm was able to find up to the item #14 in Table 1 and excludes the possibility of the existence of other cases with |k| ≤ 100, 000. N.D. Elkies [5] gives an extensive account of the subject and develops a lattice basis reduction algorithm finding the next items up to #26.
In this paper we present a new algorithm that adds 17 new items to the table of the known good examples of Hall's conjecture. The algorithm has also found 704 cases with √ x/k ∈ (0, 16], which turn out to be uniformly distributed in this range. The data also show that the number of cases for x < X and k ≤ n √ x may be estimated as 0.80 n log(X). The algorithm was developed following a heuristical approach, noticing the patterns (see Figure 1 ) of the plots of solutions of (1.1) such that |k| is minimal for each x value, rather than using basis reduction algorithms, common in this kind of problems. The algorithm searches a family of polynomials that contain those minimal solutions. It has the drawback that it does not find all the cases in increasing order and we cannot prove that the algorithm does not miss any solution. Nevertheless, it has been able to find all the good examples of Hall's conjecture known before this work, including the first cases of the infinite Danilov-Elkies family (we conjecture that the new algorithm could also find the rest of the cases, with enough time of computation).
Values of k for x near the square of a rational
We consider the smallest k satisfying (1.1) as a function of x. Using the notation x = x + 1/2 for the nearest integer value to the value of x, it is given by
, where y = x 3/2 . It is clear that k(x) = 0 for x = t 2 , t an integer. These expressions for x and y are somehow related with the expressions given by Elkies in equations (38) and (40) of [5] , where x and y are approximated by multiples of a square and a cube, respectively. Specifically, he writes x = 3α 2 + β and y = 6α 3 + 3αβ + δ. Then, Elkies argues that the problem can be studied via lattice reduction. We use a different approach, maybe more heuristic and intuitive, which does not employ lattice reductions.
Our method starts by allowing rational values for t and considering values of x for the integers close to t 2 . We define 
for appropriate values of C and i satisfying
and such that |k(
Suppose that
for an appropriate third degree polynomial p(a) and coefficients B and C. Since y must be an integer, the following two conditions must be fulfilled:
Expanding the square of the trinomial in (i) we can deduce that B = 3/2(b 2 i − α) and p(a) takes the following expression in C:
The condition (ii) now becomes
Multiplying by 2, we have (2.5). Substituting the values of (x 0 + i) 3 and y 2 in (2.3), we have (2.4), where values C and i must fulfill (2.5). The condition |k(x 0 + i)| ≤ (x 0 + i) 3/2 + 1/4 easily follows from the bounds of (2.1). Note that 2C is only determined modulo 2b 3 by (2.5), so that we can take |2C| < b 3 and the absolute value of the leading term of (2.4) is always smaller than a 3 /b 3 ≈ x 3/2 0 ; hence the bounds of (2.4) are the bounds of (2.3) for moderate i values.
The allowed values of C imposed by (2.5) form a small set for a fixed t, due to the coefficient b 2 of i. The number of polynomials and the values of C depend on b, the parity of a and whether 3 divides b or not. The analysis is done in the next section.
The geometry of k(x)
From (2.5), we obtain
Both sides of the equation must be divisible by g = gcd(3b 2 a, 2b 3 ) to be solvable in i. Note that, since the fraction t is in its lowest terms, gcd(a, b) = 1, then
Cancelling by g, we obtain
Since the right side of the equation must be an integer, we have that
Note that if α = a 2 + rb 2 for some integer r, then
for any of the possible values of c 1 and c 2 . Then,
The values of C are of the form C = C 0 + sc 2 b 2 , for some integer s. Note that whenever a is odd, C may be a rational of the form C = C /2, with C an integer. For a even, C is always integral.
For each value of C, the allowed values of i are of the form i = j + ωb , b = 2b/ (c 1 c 2 ) , where ω ∈ Z, j being a solution of (3.1) for each such C value. We have split up the points x 0 + i into b congruence classes. For each one, we can associate a unique value of C. For each one of the b couples (j, C), we can substitute the value of i in (2.4), getting a cubic polynomial in the variable ω that contains the family of points corresponding to a value j. The effective value of C (out of the b significant possible values) must be chosen so that k(x) is bounded as imposed by Lemma 2.1.
An example.
We apply the theory to the case illustrated in Figure 1 , where a = 222272 and b = 15. Then by (2.2),
Since a is even, c 1 = 2 while c 2 = 3 because 3|b. Applying (3.2) we have that
Applying (3.1) we guess that for C = 499, i ≡ 4 mod 5, then i = 4 + 5ω. That is, for x = x 0 + 4 + 5ω, the values of k(x) correspond to the points labelled as P 4 in the figure. 
Proof. We note that, for each C value in (3.1), i is in Z b , with b = 2b/(c 1 c 2 ) = 2b/ gcd(3a, 2b). Then, we put i = j + ωb and we have b cases of values (C, j) for each t value. We substitute j + ωb for i in (2.4). Then the term (
We get a polynomial in ω for each j,
We can rewrite the polynomial as a function of x by means of the variable change z = x − t 2 , obtaining the polynomials P j (x) in the statement of the theorem.
As in Lemma 2.1, we must impose that k(x) is bounded by x 3/2 + 1/4. We can compute C by (3.2) .
We analyze the polynomial for x near t 2 , i.e. for z ≈ 0. Note that, for small z, the cubic term is small compared with the quadratic one. Then it is locally approximated by a parabola with the vertex near z = 0. The value of the polynomial at the vertex is therefore near
Since the values of C for some t are equally spaced (they are of the form C = C 0 + sc 2 b 2 with s integral), the vertices are also approximately equally spaced. Note that, for C > 0, the value of the polynomial is negative in the vertex, but the polynomial grows until crossing P j (z) = 0. Recall that for integral ω, the polynomials give k(x). In this way, it is possible to find a small k(x), selecting for each fixed a/b the polynomial with lowest positive C value (the polynomial P 4 in the example of Figure 1 ) and calculating the value ω where the polynomial has its smallest absolute value. Nevertheless, better results can be achieved by calculating the optimal value of a for each value b, for which we can select an optimal polynomial. First, we can impose C to be positive and small (say C = 1/2, 1, 3/2, · · · ). We can also impose that the smallest value of the polynomial is for ω = 0, so the value of z in (3.3) is small and we can hope for a small value of P j (z). Even more, if j = 0, then z = α/b 2 ≤ 1/2, which is the smallest value possible for z. We can approximate the value of P 0 , for ω = 0, by taking only the terms in t 3 and t 2 in (3.4), getting
) and both terms of the approximation are smaller than O(x 1/2 ). Even if a and α are above those bounds, the polynomial may have a small value if both terms are balanced.
The algorithm
The algorithm runs over b = 2, 3, 4, . . . , and for small values of C whose bounds will be discussed later. For each pair (b, C), we must compute the values of a (if any value exists) in (2.5) corresponding to the polynomial P 0 (that is, for j = 0) whose smallest absolute value is for ω = 0. So, (2.5) becomes
First, we compute the value of a modulo b 2 and then we lift to modulo 2b 3 . From (3.2), we have that
Note that the equation is solvable only when gcd(2C, b) = 1 because a and b are co-prime. The cube root may be computed, for example, using the algorithms described in [12] . Before lifting the solution of (4.2) to modulo 2b 3 in (2.5), we must analyze the possible values of the variables whose constraints can be summarized as
In fact, if b is even, a must be odd because t is in its lower terms. b being even and a odd, α must be odd, by the definition of α in (2.2), which implies that (2C) in (4.1) must be odd. Therefore, C = C /2 for some odd integer C . If b is odd, a may be even or odd, then C may be rational or integer. Let a 0 be a solution of (4.2). Then a = a 0 + kb 2 for some integer k that must fulfill (4.1). So, we have
Expanding and neglecting the vanishing terms, we have
Note 
Since we are looking for small values of P 0 in (3.5), that is, for ω = 0, we want that a ≈ (3α 2 )/(8C). Then
Once the most appropriate values a for each couple (b, C) are computed, we can compute x 0 = (a 2 − α)/b 2 expecting to find a small value of k(x).
Results and conclusions
The algorithm was programed as a PARI script and translated to C with the utility GP2C [13] . The executable was run on various computers during several periods, the total time of computation being equivalent to about 1000 days in an AMD-64 3400+. The algorithm was able to find all the so far known items and the remaining 17 new items displayed in Table 1 , with r = √ x/k ≥ 1. Three items were found by Johan Bosman using the software of the authors. We include the third term of the Danilov-Elkies family, item #43, because we can compute the value b, by taking an appropriate convergent of √ x ≈ a/b, for which the algorithm would find this item. We conjecture that the algorithm would be able to find all the terms in this infinite family, checking the values of C from 1/2 to b 1/3 , if it would be run with enough computational time. 
